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Abstract 

We present a wide class of reflexive, precompact, non-compact, 
Abelian topological groups G determined by three requirements. They 
must have the Baire property, satisfy the open refinement condition, 
and contain no infinite compact subsets. This combination of prop- 
erties guarantees that all compact subsets of the dual group G A are 
finite. We also show that many (non-reflexive) precompact Abelian 
groups are quotients of reflexive precompact Abelian groups. This in- 
cludes all precompact almost metrizable groups with the Baire prop- 
erty and their products. Finally, given a compact Abelian group G of 
weight > 2 W , we find proper dense subgroups H± and H2 of G such 
that H\ is reflexive and pseudocompact, while H2 is non-reflexive and 
almost metrizable. 
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1 Introduction 



The Pontryagin-van Kampen duality theory has been pushed outside the 
realm of locally compact Abelian groups during the last 60 years. It turned 
out that many topological Abelian groups were reflexive without being locally 
compact PQEIE21I251EZII321I351ES!. Forty years had passed after the 
emergence of the duality theory until the first reflexive non-complete group 
was constructed by Y. Komura in (28]. The difficulty of finding such examples 
was clarified independently by L. Aufienhofer and M. J. Chasco in jl] and [8], 
respectively, where they proved that every metrizable reflexive topological 
group must be complete. 

However, none of the reflexive groups found up to 2008 was a proper 
dense subgroup of a compact group. Subgroups of compact groups are 
called precompact. Since a precompact group is compact if and only if 
it is complete, every reflexive precompact metrizable group is compact by 
Aufienhofer-Chasco's theorem. The problem of whether all reflexive pre- 
compact groups are compact appears explicitly in the article jH] by Chasco 
and Martm-Peinador. 

Very recently, a series of reflexive, pseudocompact, non-compact groups 
appeared in pQ and [23]. We recall that a Tychonoff space is pseudocompact if 
every continuous real-valued function defined on the space is bounded. Since, 
by [H Theorem 1.1], every pseudocompact topological group is precompact, 
this solved the problem. 

Our aim is to continue the study of reflexivity in the class of precompact 
groups and present an even wider class of precompact, non-compact (hence 
non-complete) reflexive groups. In fact, one of the main results in [TJ, the 
reflexivity of pseudocompact groups without infinite compact subsets (which 
was also independently proved in [23J ) , is our Corollary 12.101 

By the Comfort-Ross duality theorem in [13] . every precompact Abelian 
group G becomes reflexive if both the dual group G A and bidual group G AA 
carry the topology of pointwise convergence, i.e., G = {G A ) A (for generaliza- 
tions, see also [SS])- This result is a common basis for applications in [Tj [23] 
and here. 

Our strategy is as follows. First, we work with precompact groups G with- 
out infinite compact subsets. This implies the coincidence of the compact- 
open and pointwise convergence topologies on the dual group G A . Then we 
find conditions under which the dual group G A contains no infinite com- 
pact subsets either. This finishes the job, implying the reflexivity of G by 
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Corollary O 

To guarantee the absence of infinite compact sets in G A it suffices, by 
Theorem 12 .7\ to require that G have the Baire property and satisfy the 
Open Refinement Condition (ORC, for short) defined in Subsection 11.11 be- 
low. Hence every precompact Abelian group with the two properties and 
without infinite compact subsets is reflexive, which is our Theorem l2.8l Since 
pseudocompact groups have the Baire property and satisfy ORC, we deduce 
in Corollary 12.101 that every pseudocompact Abelian group without infinite 
compact subsets is reflexive (see [TJ Theorem 2.2] or [231 Theorem 6.1]). The 
proof of Theorem 12.81 makes use of the dual characterization of ORC obtained 
in Lemma 12.51 and saying that a precompact group G satisfies ORC if and 
only if the closure of every countable set in the dual group G£ endowed with 
the pointwise convergence topology remains countable. 

In Section [3] we discuss the relations between the Baire property and 
ORC in precompact groups. It is shown in Proposition 13.31 and Theorem 13.41 
that the class of precompact groups with the Baire property is closed under 
taking continuous homomorphic images and forming arbitrarily large direct 
products, respectively. It is worth mentioning that the Baire property fails 
to be productive even in linear normed spaces [381 EI] > so one cannot omit 
the precompactness requirement in Theorem 13.41 In Lemma 13.51 and Propo- 
sition 13.81 we show that the Baire property and ORC are preserved under 
extensions of precompact groups by pseudocompact groups. 

Our main objective in Section H] is to find out how wide the class of quo- 
tients of reflexive precompact groups is. The main result here is Theorem 14.11 
which says that every precompact Abelian group with the Baire property that 
satisfies ORC is a quotient of a reflexive precompact group with respect to a 
closed pseudocompact subgroup. These quotients include, in particular, all 
almost metrizable precompact groups with the Baire property and, hence, all 
precompact second countable groups with the Baire property. These results 
are complemented in Theorem 14.71 which says that every compact Abelian 
group G of weight greater than or equal to 2 W contains a proper dense reflexive 
pseudocompact subgroup. Finally, in Prop osit ion 14 . 9 1 we prove that the prod- 
uct of an arbitrary family of almost metrizable precompact groups with the 
Baire property is a quotient of a reflexive precompact group. This requires 
two preliminary steps, Propositions 12.61 and 14.81 where the permanence prop- 
erties of the class of precompact groups satisfying ORC are established — this 
class is closed under taking continuous homomorphic images and arbitrarily 
large products. 
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Several open problems about the reflexivity and Baire property of pre- 
compact groups are posed in Section 

1.1 Notation and terminology 

We use the additive notation for multiplication in the case of commutative 
groups, except for the circle group T. All topological groups are assumed to 
be Hausdorff. A subgroup if of a group G is called invariant if xHx^ 1 = H, 
for each x G G. The term 'invariant' replaces 'normal' to avoid ambiguity 
when considering topological properties of topological groups. The kernel of 
a group homomorphism / : G — > H is ker /. 

A topological group G is u -narrow if for every neighborhood U of the 
neutral element in G, there exists a countable set C C G such that UC = G. 
A group G is w-narrow iff it is topologically isomorphic to a subgroup of a 
product of second countable groups (see [H Theorem 3.4.23]). 

The Raikov completion of G is denoted by qG. The group qG is com- 
pact if and only if G is precompact [21 Theorem 3.7.16]. A remarkable 
property of the Raikov completion is that every continuous group homomor- 
phism f : G —¥ H admits an extension to a continuous group homomorphism 
/: qG -> qH [3, Corollary 3.6.17]. 

Given a topological Abelian group G, we use G A to denote the dual group 
of G consisting of all continuous homomorphisms x : G — > T to the circle 
group T. The group G A is endowed with the pointwise multiplication and 
carries the compact-open topology. The bidual group is G AA = (G A ) A . 

The evaluation homomorphism a^: G — > G AA is defined by the rule 
a G{ x )(x) — x( x )j f° r all a: G G and \ £ G A . In general, «g can fail to 
be continuous, injective or surjective. If however a G is a topological isomor- 
phism of G onto G AA , then the group G is said to be reflexive. Pontryagin- 
van Kampen's duality theorem states that every locally compact topological 
Abelian group is reflexive. 

The same underlying group G A endowed with the pointwise convergence 
topology on elements of G will be designated as G A . A local base at the 
neutral element of G A consists of the sets 

U (g h . . • , g k ) = {x e G A : x(9i) e T + for each % < k}, 

where T + = {e™ : — 1/2 < x < 1/2} and gi,...,g^. are arbitrary elements 
of G. Reformulating Corollary 12.21 below, we can say that every precom- 
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pact Abelian group is reflexive when the dual groups G A and G AA carry the 
pointwise convergence topology in place of the compact-open topology. 

According to [37J Def. 4.4], a subgroup C of a topological group G is 
h-embedded in G if every homomorphism /: C — >■ K to a compact group 

admits an extension to a continuous homomorphism f:G—>K. Hence 
the topology of an /i-embedded subgroup C inherited from G is finer than 
the maximal precompact topology of the (abstract) group C. If the group 
G is precompact, then every /i-embedded subgroup of G carries the finest 
precompact topological group topology. It was shown by S. Hernandez and 
S. Macario in [21] that, for precompact groups G, the property that all count- 
able subgroups of G are /i-embedded is dual to pseudocompactness. In other 
words, if all countable subgroups of G are /i-embedded, then the dual group 
G A is pseudocompact and, in addition, if G is pseudocompact, then all count- 
able subgroups of G A are /i-embedded. 

The following new concept plays an important role here. We say that a 
topological group G satisfies the Open Refinement Condition (abbreviated to 
ORG) if for every continuous homomorphism / : G — >• H onto a second count- 
able group H, one can find a continuous open homomorphism 7r : G — >■ K onto 
a second countable group K and a continuous homomorphism g: K — >■ H 
such that f = g o tt. It is immediate from the definition that every second 
countable group satisfies ORC. Since every continuous onto homomorphism 
of compact groups is open, all compact groups satisfy ORC as well. 

A subset Y of a space X is called meager or of the first category in X 
provided that Y is the union of a countable family of nowhere dense sets in 
X. A space X has the Baire property if the intersection of any countable 
family of open dense sets in X is dense in X or, equivalently, every non-empty 
open subset of X is non-meager. Following [7J, we say that a space is Baire 
if it has the Baire property, and the same applies to topological groups. 

A family N of subsets of a space X is called a network for X if for 
every x G X and every neighborhood U of x, there exists N e 3\f such that 
x £ N C U. Every base for a space is a network, but not vice versa. It 
is easy to see that every space with a countable network is separable. For 
unexplained topological terms, see [TT] . 
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2 Reflexive precompact groups 



Here we discuss in detail what kind of precompact groups G are reflexive 
provided that all compact subsets of G are finite. Our approach leans on the 
Comfort-Ross duality theorem in [13J (a more general form of this duality 
can be found in [30J ) . First we introduce a small piece of terminology 

Let G be an abstract Abelian group and 7q the family of all precom- 
pact (not necessarily Hausdorff) topological group topologies on G. Let also 
Hom(G, T) be the group of homomorphisms of G to the circle group T and 
'Kq be the family of subgroups of Hom(G, T). For every H G "Kg, denote by 
Tjj the coarsest topology on G that makes continuous each ^ G if. Clearly, 
(G, r H ) is a precompact topological group, so r H G for each if G "Kq- 
Conversely, given a topology r G Tq, let H T = {G, r) A G %g- 

Theorem 2.1 (Comfort— Ross duality theorem) Let G be an abstract 
Abelian group and !Kg — > 7g an d ^ '■ ^g ^g be mappings defined 
by $(ff ) = Tn for each if G "Kg and ^(t) = H T for each r G 7g- Then both 
$ and \1/ are bisections and \& = 

In fact, we will only use the following corollary to Theorem 12.11 whose 
direct proof can be found in |36j : 

Corollary 2.2 Let G be a precompact topological group and G£ be the dual 
group endowed with the pointwise convergence topology. Then the canonical 
evaluation mapping «g : G — )■ (G£ ) A is a topological isomorphism. 

The interplay between the properties of G and G£, for precompact groups 
G, was studied in pi] . 

By Corollary 12. 2\ to guarantee the (Pontryagin) reflexivity of a precom- 
pact group G, it suffices that all compact subsets of G and of the dual group 
G A be finite — in this case the compact-open topology and the pointwise con- 
vergence topology coincide. 

We do the job in two steps. First, in Corollary 12 A\ we describe the groups 
G with the property that the dual group G A does not contain non-trivial con- 
vergent sequences. Second, imposing additional conditions on G, we deduce 
that G A does not contain infinite compact subsets (see Theorem \2.7\i . 

The following important fact is well known (see [IB] or [TUj Proposi- 
tion 1.4]): 
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Proposition 2.3 Let {h n : n G u>} be a family of continuous homomor- 
phisms of a topological group G to a topological group H. If the set of all 
x e G such that h n (x) is a Cauchy sequence in H is non-meager in G, then 
the family {h n : n G u} is equicontinuous . 

We now use Proposition 12.31 to show that the dual group of a precom- 
pact group with the Baire property does not contain non-trivial convergent 
sequences. 

Corollary 2.4 Let G be a precompact Baire group, and suppose that a se- 
quence £ = {h n : n G u>} C G A converges pointwise on each element of G. 
Then the sequence £ is eventually constant. 

Proof. Let K = qG be the completion of G. Then K is a compact topological 
group and G is a non-meager dense subgroup of K. Every h n admits an 
extension to a character \ n of K. It now follows from Proposition 12.31 that 
the sequence £k = {Xn '■ n G u} is equicontinuous on K. Hence Arzela- 
Ascoli's theorem implies that has compact closure in K A . Since the group 
K A is discrete, we conclude that £k and £ are eventually constant. □ 

In the lemma below we present a characterization of precompact groups 
satisfying ORC in dual terms. 

Lemma 2.5 A precompact Abelian group G satisfies the open refinement 
condition iff for every countable set S C G A , the closure of S in G A is 
countable. 

Proof. Necessity. Clearly, G A is a topological subgroup of T G . Let S be a 
countable subset of G A . Denote by / the diagonal product of the characters 
of S. Then / is a continuous homomorphism of G to T s . Since the weight of 
T is not greater than \S\ ■ u = u and G satisfies ORC, we can find an open 
continuous homomorphism 7r : G — )■ K onto a second countable group K and 
a continuous homomorphism h: K — > T such that / = h o ir. Note that 
the group K is precompact as a continuous homomorphic of the precompact 
group G, so the group qK is compact. 

Our choice of K, ir, and h implies that S C n A (K A ), where n A : K A — > G A 
is the dual homomorphism defined by 7r A (£) = £ o it, for each £ G K A . It is 
easy to see that 7r A is a topological and isomorphic embedding of K A into 
G A . Since the homomorphism 7r is open, the image tt a (K a ) coincides with 
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the annihilator of ker ir in G A and hence tt a (K a ) is closed in G A . Therefore, 
the closure of S in G A is homeomorphic to a subspace of K A . 

Since K is a dense subgroup of the compact group gK, we can identify 
the abstract groups (gK) A and K A . Clearly, gK has a countable base, so 
\K A \ < u by [25| Theorem 24.15] or [31 Corollary 9.6.7]. Therefore, the 
closure of S in G A is countable. 

Sufficiency. Consider a continuous homomorphism f : G H onto a 
second countable group H. There exist an open continuous homomorphism 
7i : G — > K and a continuous isomorphism (not necessarily a homeomor- 
phism) i: K — » H such that f = ion. Clearly, the group K is precompact. 

Since H is second countable, the group H A is countable. Let i A : iT^ — > 
K A be the homomorphism dual to i. Since i is a bijection, the subgroup 
i A (H A ) of separates points of K. Applying [TJ1 Theorem 1.9], we conclude 
that i A {H A ) is dense in K A . 

It follows from the continuity of the homomorphism n A : K A — >■ Gp that 
the countable group 7i A (i A (H A )) = f A (H A ) is dense in 7r A (iTp). By our 
assumption, the closure of f A (H A ) in is countable. Hence n A (K A ) is 
also countable. But 7r A is injective, so K A is countable as well. Therefore, 
the group K is second countable. Since the homomorphism tt: G — > K is 
continuous and open, it follows from f = i o n that G satisfies ORC. □ 

Here is an application of Lemma l275l to the study of permanence properties 
of precompact groups satisfying ORC: 

Proposition 2.6 The class of precompact topological groups satisfying the 
open refinement condition is closed with respect to taking continuous homo- 
morphic images. 

Proof. Let /: G — > H be a continuous group homomorphism of G onto 
H, where G is precompact and satisfies ORC. The dual homomorphism 
f A : H A — > G A is a topological isomorphism of H A onto a subgroup of G A . 
Since G satisfies ORC, Lemma 12.51 implies that the closure of every count- 
able set in G A is countable. Hence the groups f A (H A ) and H A have the same 
property. Applying Lemma 12.51 once again, we conclude that H satisfies 
ORC. □ 

In the next theorem we present conditions on a precompact group G 
under which the dual group G A does not contain infinite compact subsets. 
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Theorem 2.7 Let G be a precompact Baire group satisfying the open refine- 
ment condition. Then the dual group G A does not contain infinite compact 
subsets. 

Proof. Suppose to the contrary that G A contains an infinite compact subset 
F. Let S be a countable infinite subset of F . By Lemma |275| the closure of S 
in Gp, say, C is a countable infinite compact set. Hence C is a non-discrete 
metrizable space which must contain non-trivial convergent sequences. The 
latter contradicts Corollary 12.41 □ 

Here is one of the main results of the article. 

Theorem 2.8 Suppose that G is a precompact Abelian group satisfying the 
open refinement condition. If G has the Baire property and contains no 
infinite compact subsets, then G is reflexive. 

Proof. It follows from Theorem 12.71 that G£ has no infinite compact subsets. 
Hence the groups G A and G AA carry the topology of pointwise convergence 
on elements of G and G A , respectively. The conclusion now follows from 
Corollary O □ 

Our next aim is to show that the class of groups satisfying the conditions 
of Theorem 12.81 is fairly wide. For example, it contains all pseudocompact 
Abelian groups without infinite compact subsets (see Corollary 12. 101 below) . 
To see how wide the latter class is it suffices to refer to the following weaker 
version of [231 Theorem 5.8]: Under the Singular Cardinal Hypothesis, SCH, 
every pseudocompact Abelian group admits another pseudocompact Haus- 
dorff topological group topology with no infinite compact subsets. We recall 
that SCH is the statement consistent with ZFC and saying that for every 
singular cardinal k, if 2 C ^ K ^ < k, then = k + . In particular, SCH 

implies that if k > 2 W is a cardinal of countable cofinality, then = k + . 

In fact, the class of groups satisfying the conditions of Theorem 12.81 con- 
tains many precompact non-pseudocompact groups as well — this follows from 
Theorem 14. II or Proposition 14.91 given below. It is worth noting that the first 
examples of reflexive precompact non-pseudocompact groups were presented 
in (TJ Theorem 3.3]. 

Since every continuous homomorphism of a pseudocompact group onto 
a topological group with a countable base is open [14] . the following fact is 
immediate: 
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Proposition 2.9 Every pseudocompact group satisfies the open refinement 
condition. 

We can now give an alternative proof of [1, Theorem 2.2] (see also [23| 
Theorem 6.1]): 

Corollary 2.10 Every pseudocompact Abelian group without infinite com- 
pact subsets is reflexive. 

Proof. Every pseudocompact space X has the Baire property since it meets 
each non-empty G^-set in the Stone-Cech compactification (3X of X (see [TTJ 
3.10.F]). By Proposition ^. 9[ every pseudocompact topological group satisfies 
ORC. Therefore, Theorem 12.81 implies the required conclusion. □ 

3 The Baire property and the open refine- 
ment condition 

To present a series of reflexive precompact groups in Section HI we need sev- 
eral facts about precompact groups with the Baire property and/or satisfying 
ORC. In the lemma below we establish that the Baire property is preserved 
under extensions of topological groups by second countable groups. This 
result complements the fact that the product X x Y of two Baire spaces is 
also Baire provided one of the factors is second countable (see [33]). 

Lemma 3.1 Let K be a closed second countable subgroup of a topological 
group G (not necessarily Abelian). If the coset space G/K and the group K 
are Baire, so is G. 

Proof. Denote by it the natural projection of G onto the left coset space 
H = G/K. Suppose that {F k : k G u} is a sequence of closed nowhere dense 
subsets of G. We have to show that the complement G \ F is dense in G, 
where F = [j keu] F k . 

Let {U n : n G u} be a countable local base at the neutral element of K. 
Given integers n,k G u, we put 

P n ,k = {h G H : xU n C F k fl 7T _1 (/i), for some x G ^(h)}. 
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Let us show that each P nfe is nowhere dense in H. Since the group K is 
second countable, we can find, for every n G u, a countable set C n C X such 
that P" = U n C n . We claim that 7r -1 (P nj fc) C FkC n , for all n,k & u. Indeed, 
if /i G P„ 5 fc then xU n C F fe n 7r _1 (/i), for some x G 7r _1 (/i). Then ir(x) = h 
and we have that 

F k C n DxU n C n = xK = n-\h). 

This implies the inclusion 7r~ 1 (P nife ) C F k C n . Since PfcC n is a first category 
set in G, we conclude that so are the set 7r -1 (P nj fc) in G and its image P n ^ 
in H, respectively. 

Let U be a non-empty open subset of G. Then V 7 = 7r(C/) is open in H 
and, since P = |J n P n ,k is a first category set in the Baire space H, there 
exists a point y G V\P. Choose x e U with 7r(x) = y. Then U DxK is a non- 
empty open subset of xK. It follows from our definition of the sets P n ^ and 
P and the choice of the elements y G V and x G £/ that lii' fl P^ is a nowhere 
dense subset of rcfT, for each k E u. Indeed, otherwise one can find x' G xK 
and k,n E u such that x'C/ n C P fc n xK. Then y = ir(x) = ir(x') G Pfc, n , thus 
contradicting our choice of y. 

We conclude, therefore, that xK fl P is a first category set in xK. Since 
K is Baire and xK = K, the complement (xK fl U) \ F is non-empty. Thus, 
[/ \ P 7^ 0, which finishes the proof of the lemma. □ 

Lemma 3.2 The class of precompact Baire groups is closed with respect to 
taking continuous homomorphic images. 

Proof. Suppose that /: G — > H is a continuous surjective homomorphism of 
precompact topological groups, where G is Baire. Denote by g an extension 
of / to a continuous homomorphism of gG to gH. Since the groups gG and 
gH are compact, g is an open surjection. Suppose to the contrary that H 
can be covered by countably many nowhere dense sets, say, H = [j n£uJ C n . 
Clearly, G C \J neuJ F n , where F n = g~ l (C n ) for each n G u. Since the 
homomorphism g is open, the sets F n are nowhere dense in gG. However, 
the density of G in gG implies that each F n fl G is nowhere dense in G, which 
contradicts the Baire property of G. □ 

The following result is a kind of a reflection principle for the Baire prop- 
erty in the class of precompact groups. It reduces the problem of whether 
a given (non-metrizable) precompact group is Baire to the verification of 
whether all second countable continuous homomorphic images of the group 
are Baire. 
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Proposition 3.3 The following conditions are equivalent for a precompact 
topological group G (not necessarily Abelian): 

a) G is Baire; 

b) G is non-meager in its completion gG; 

c) every second countable continuous homomorphic image HofGis Baire. 

Proof. The equivalence a) b) is almost immediate. Indeed, suppose that G 
can be covered by a countable family {F n : n G oj} of nowhere dense subsets 
of the group gG. We can assume without loss of generality that each F n is 
closed in gG. Then U n = gG \ F n is a dense open subset of gG and, since G 
is dense in gG, V n = G fl U n is a dense open subset of G, for each n G oj. It 
follows from our definition of the sets V n that f] n&Ld V n = 0, so G fails to be 
Baire. 

Conversely, suppose that G is non-meager in gG, and consider a sequence 
{V n : n G oj} of open dense subsets of G. For every n £ oj, choose an open 
set U n in gG such that U n nG — V n . Then F n = gG \ U n is a closed nowhere 
dense subset of £>G, so the set P = G \ [J neul F n is non-empty. We claim that 
P is dense in G. If not, there exists a non-empty open set W in G disjoint 
from P. Since G is precompact, we can find a finite set C C G such that 
G = WC. It follows from our choice of W that W C Unew ^n, i-e., W is of 
the first category in £>G. Hence G = WC is also of the first category in gG, 
thus contradicting our assumption about G. 

The implication b) =>• c) follows from Lemma 13.21 and the equivalence of 
a) and b). 

It remains to verify that c) implies a). To this end, it suffices to prove that 
for every first category set S in G, there exists a continuous homomorphism 
/ : G — > H onto a second countable group H such that f(S) is of the first 
category in H. 

We call an open subset U of G standard if one can find a continuous 
homomorphism p: G — > H onto a second countable group H and an open 
set V C H such that U = p^{V). Since G is precompact, the standard 
open sets constitute a base for G. It is almost immediate from the definition 
that the family of standard open sets in G is closed with respect to taking 
countable unions. 

Let {F„ : n 6 w} be a sequence of nowhere dense subsets of G. For 
every n G oj, let 7„ be the family of standard open sets U in G such that 
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U PI F n = 0. Then U n = lj7 n is a dense open subset of G disjoint from 
F„. Clearly, G is a dense subgroup of the compact group gG, whence it 
follows that G has countable cellularity. Hence, for every n 6 u, the family 
7„ contains a countable subfamily A n such that [J A n is dense in U n . Then 
W 7 ™ = U ^™ is a standard open set in G, for each n E u. Let a continuous 
homomorphism / n : G — > H n onto a second countable group if n witness that 
the set W n is standard, where n € to. Taking the diagonal product of the 
homomorphisms f n , we obtain a continuous homomorphism / ' : G — >■ if onto 
a second countable group if and a family {O n : ii 6 u} of open sets in H 
such that W n = / _1 (O n ), for each n E u. Since each PV n is dense in G and 
O n = /(Wn), we conclude that the sets O n are dense H. It also follows from 
the definition of W n and the choice of O n that f(F n ) D O n = 0, i.e., /(.Fn) 
is nowhere dense in if. Hence /(Unew-^n) * s a ^ rs ^ ca t e g° r y set m H, as 
required. □ 

It is well known that the product of two Baire spaces can fail to be Baire 
(see [TTj [T9]). Even the product of two linear normed spaces with the Baire 
property need not have it, as M. Valdivia showed in [38] (see also [3T]). It 
turns out that in the class of precompact groups, the Baire property becomes 
productive. 

Theorem 3.4 The class of precompact Baire groups is closed under forma- 
tion of arbitrary direct products. 

Proof. Let G = Yliei be a product of precompact Baire groups. By 
Proposition I3.3[ it suffices to verify that for every continuous homomorphism 
f:G—}H onto a second countable group H, the image H is Baire. 

Extend / to a continuous homomorphism gf : Yliei ~~ @H anc ^ 
note by iV the kernel of gf. Since the groups H and gH are first countable, 
N is a G^-set in the compact group gG = Yliei 6^i- Hence we can find, for 
every i £ I, a closed invariant subgroup iVj C gd of type G§ in gG{ such that 
Yliei Ni Q N. Let 7r^ : gG i: —> gGi/Ni be the quotient homomorphism, i 6 I. 
Then the quotient group gGi/Ni is compact and metrizable, so the subgroup 
Ki = 7Tj(Gj) of gGi/Ni has a countable base. It follows from Lemma I3~21 that 
the group Ki is Baire. 

Let 7r = riie/ 71 ^ ^ e the product of the homomorphisms 7Tj's. Clearly, the 
homomorphism n: gG — >■ Y\ ieI gGi/Ni is continuous and surjective, while 
W ieI Ni is the kernel of tt. Since gG is a compact group, the homomorphism 
7r is open. It follows from the inclusion ker n <Z N = ker gf that there exists a 
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homomorphism ip: Yliei Q^i/Ni — > gH such that gf = pon. Since n is open, 
the homomorphism p is continuous. It is also clear that tt(G) = Yli e jKi- 
To finish the proof, it suffices to note that the product K = Yliei 
of second-countable Baire spaces is Baire, by [33j Theorem 3]. Finally, by 
Lemma 13 .2[ the image H = p(K) is Baire as well. □ 

In some cases, Lemma 13.11 remains valid for a non-metrizable subgroup 
K of a precompact group G. Again, we impose no commutativity conditions 
on the groups that appear in the lemma below. 

Lemma 3.5 Let K be a closed invariant pseudocompact subgroup of a pre- 
compact topological group G. If the quotient group G/K is Baire, so is G. 

Proof. By Proposition I3.3[ it suffices to verify that every second countable 
continuous homomorphic image H of G is Baire. Let / : G — > H be a contin- 
uous onto homomorphism. Denote by tt the canonical projection of G onto 
G/K. Then the diagonal product of tt and /, say p is a continuous homo- 
morphism of G to the product group G/K x H. Put M = p{G). Then there 
exist continuous homomorphisms ip: M — > G/K and g: M — )■ H satisfying 
tt = ip o p and f — g op. 

G^Q 

\fy i 

•■ X \ V 
P^—H 

Clearly, ip and g are restrictions to M of the projections of G/K x H to the 
first and second factor, respectively. 

It is easy to see that the kernel of ip is a compact metrizable group. Indeed, 
let e be the neutral element of G/K. Then kery) = ip~ 1 (e) = p{'K' 1 {e)) = 
p(K) is a pseudocompact subgroup of M. Since p is the restriction to M 
of the projection of the product G/K x H to the first factor, its kernel is 
contained in {e} x H = H, which is metrizable. Thus kerp is compact 
metrizable as a pseudocompact subspace of a metrizable space. 

Notice that the homomorphism ip is open. Indeed, if U is open in M, 
then p(U) = -n{p- 1 {U)). The latter set in open in G/K since p is continuous 
and tt is open. Therefore, G/K is a quotient group of M with respect to a 
compact metrizable subgroup. 

Since, by the assumptions of the lemma, the group G/K is Baire, it follows 
from Lemma I3TT1 that so is M. Therefore, the continuous homomorphic image 
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H of M is also Baire. It remains to apply Proposition 13.31 to conclude that 
G is Baire as well. □ 



We recall that a topological group H has countable pseudocharacter if the 
neutral element of H is a G^-set in H. 

Lemma 3.6 Let f : G — )■ H be a continuous homomorphism of an u-narrow 
topological group G satisfying the open refinement condition onto a group H 
of countable pseudocharacter. Then H has a countable network. 

Proof. The group H is w-narrow as a continuous homomorphic image of the 
w-narrow group G. Since, by our assumptions, the neutral element of H is 
a GVset, it follows from [31 Corollary 5.2.12] that there exists a continuous 
isomorphism i: H — >■ P onto a second countable topological group P. Then 
g = i o / is a continuous homomorphism of G onto P. Hence we can find a 
continuous open homomorphism tt: G — > Q onto a second countable group 
Q and a continuous homomorphism h: Q — >■ P such that g = h o it. 




Then = z o ft is a homomorphism of Q onto H. Since the homomor- 
phism 7r is open, it follows from the equality (p o ti = f that ip is continuous. 
Therefore, the images under (p of the elements of a countable base for Q form 
a countable network for H. □ 

Here we give some additional information on Baire groups. It will be used 
in the proof of Proposition 13.81 

Lemma 3.7 Let G be a Baire topological group. If G has a countable net- 
work, then G is separable metrizable. 

Proof. Let [NT be a countable network for G. Since G is regular, the closures of 
the elements of INT also form a countable network for G. Hence we can assume 
that each element of N is closed in G. For every F G N, let F* = F \ Int F. 
Then F* is a closed nowhere dense subset of G and, since G is Baire, the set 
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P = G\ \J{F* : F G N} is not empty. Take a point x G P. We claim that 
the family 

= {IntF : x G F G X} 

is a local base for G at x. Indeed, take an arbitrary neighbourhood O of x in 
G. Since [NT is a network for G, there exists Fell such that x 6 F C O. It 
follows from x G P that x G Int F. Clearly, Int F G S(x) and IntFCFCO, 
whence our claim follows. 

Since topological groups are homogeneous spaces, we conclude that G is 
first countable. Finally, every first countable topological group is metrizable 
by the Birkhoff-Kakutani theorem, while metrizable spaces with a countable 
network are separable and, hence, second countable. □ 

We need one more fact about extensions of topological groups: 

Proposition 3.8 Let K be a closed invariant pseudocompact subgroup of an 
u-narrow group G such that quotient group G/K is Baire and satisfies the 
open refinement condition. Then G satisfies the open refinement condition 
(and is Baire). 

Proof. That G is Baire follows directly from Lemma 13.51 Denote by ir the 
canonical projection of G onto the quotient group G/K and consider an 
arbitrary continuous homomorphism f:G—*H onto a second countable 
group H . Let H be the same underlying group H that carries the quotient 
topology with respect to the homomorphism /; then the homomorphism / 
considered as a mapping of G to H is denoted by fo. Clearly, / is open 
and continuous. Let % be the identity homomorphism of Hq onto H. Then i 
is continuous and satisfies / = i o f . To finish the proof, it suffices to verify 
that the group Hq has a countable base. 

Put C = f(K) and Cq = fo(K). Then C and Cq are pseudocompact 
invariant subgroups of H and H , respectively. Since the group H is second 
countable, C is compact. The group C is also compact. Indeed, the neutral 
element of H is a G^-set since i : H — > H is a continuous isomorphism onto 
a second countable group. Therefore, every pseudocompact subspace of H 
is compact and has a countable base [21 Proposition 3.4]. In particular, Cq 
is a compact metrizable subgroup of H Q . It is clear that i(C ) = C and the 
restriction of i to Cq is a topological isomorphism of Cq onto C. 

Let p: H — > H/C and Pq \ Hq — > Hq/Cq be canonical projections. Then 
there exists a continuous isomorphism j : Hq/Cq —> H/C satisfying j o p = 
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poi. The group H/C is second countable as the image of the second countable 
group H under the open continuous homomorphism p. Since j is one-to-one 
and continuous, the group Go/H has countable pseudocharacter. 

Since the kernel K of the homomorphism tt is contained in the kernel of 
the homomorphism po° fo, there exists a homomorphism (p: G/K — > Hq /Co 
satisfying ip on = p o f Q . 




Since tt is open and the composition po°fo is continuous, we conclude that 
if is also continuous. Further, since p$ and fo are open, the homomorphisms 
Po ° fo and ip are open as well. Therefore the group Ho /Co is the Baire as an 
open continuous image of the Baire group G/K. 

Clearly, G/K is w-narrow as a continuous homomorphic image of the u- 
narrow group G. By the assumptions of the proposition, the group G/K 
satisfies ORC, while the neutral element of the group Hq/Cq is a GVset. 
Hence, by Lemma [3.6[ H /Cq has a countable network. Then, according to 
Lemma |3.7[ Hq/Cq has a countable base. Finally, since Co = kerp has a 
countable base, Vilenkin's theorem (see jlQ] or [3j Corollary 1.5.21]) implies 
that the group Hq has a countable base as well. □ 



4 Quotients of reflexive groups 

We are finally in a position to show that the class of reflexive groups satis- 
fying the conditions of Theorem 12.81 contains many precompact non-pseudo- 
compact groups. Further, we will also show that taking quotients destroys 
reflexivity quite easily (see Corollaries 14.21 and 14. 4[ as well as Theorem 14. 6p . 

Theorem 4.1 Let H be a precompact Abelian group with the Baire property 
that satisfies ORC. Then there is a precompact group G such that H = G/N , 
where N is a closed pseudocompact subgroup of G, and 
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(i) G is Baire; 

(ii) G satisfies ORC; 

(iii) G contains no infinite compact subsets; 

(iv) G is reflexive; 

(v) all countable subgroups of G are h-embedded. 

Proof. Denote by gH the completion of H. Then gH is a compact group. Ac- 
cording to [T61 Theorem 5.5], one can find a pseudocompact Abelian group P 
all countable subgroups of which are /i-embedded and a continuous open ho- 
momorphism tc of P onto gH such that the kernel iV of tt is a pseudocompact 
subgroup of P. [The fact that all countable subgroups of P are /i-embedded 
was explicitly verified in the proof of [161 Theorem 5.5] though it was not 
given in the body of the theorem.] Hence we can apply [1, Proposition 2.1] 
to conclude that all compact subsets of P are finite. 

Let if be the restriction of 7r to the subgroup G = 7r _1 (if) of P. Then G is 
precompact as a subgroup of the pseudocompact (hence precompact) group 
P and if is a continuous open homomorphism of G onto H. It follows that 
H = G/N. It is also clear that kenp = N = kern is a closed pseudocompact 
subgroup of G, so Lemma 13.51 implies that the group G is Baire, i.e., G 
satisfies (i). Since G is a subgroup of P, all compact subsets of G are finite 
and all countable subgroups of G are ^-embedded. This implies (iii) and (v). 
By Proposition 13.81 G satisfies ORC, which gives (ii). Therefore, item (iv) 
of the theorem, the reflexivity of G, follows from Theorem 12.81 □ 

Proposition 12.61 shows that the open refinement condition imposed upon 
the group H in the above theorem appeared not accidentally. 

Since every second countable group satisfies ORC, the next result is im- 
mediate from Theorem 14.11 

Corollary 4.2 Every second countable precompact Abelian group H with the 
Baire property is a quotient group of a reflexive precompact group with respect 
to a closed pseudocompact subgroup. 

Recall that a topological group G is called almost metrizable or feathered 
if G contains a compact subgroup K such that the quotient space G/K is 
metrizable (see [34] or [3, Section 4.3]). Clearly, all compact groups and all 
metrizable groups are almost metrizable. 
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Remark 4.3 It is easy to see that for a precompact almost metrizable group 
G, one can always find a compact invariant subgroup K of G such that the 
quotient group G/K has a countable base. We assume for simplicity that 
G is Abelian (even if the conclusion is valid in general). Suppose we have 
chosen a compact subgroup K of a precompact Abelian group G such that the 
quotient group G/K is metrizable. Since the group G/K is also precompact 
(hence cu-narrow), G/K has a countable base by [21 Proposition 3.4.5]. 

Here is a more general version of Corollary 14.21 

Corollary 4.4 Every precompact almost metrizable Abelian group H with 
the Baire property is a quotient group of a reflexive precompact group with 
respect to a closed pseudocompact subgroup. 

Proof. Let K be a compact subgroup of H such that the quotient group 
H/ K has a countable base. Then Proposition 13.81 implies that H satisfies 
ORC. Hence the required conclusion follows from Theorem 14. 1[ □ 

Many groups H satisfying the conditions of Corollary 14.21 or 14.41 need 
not be reflexive. One can take, for example, any proper subgroup of T of 
countable index, where T is the circle group with the usual topology. A 
considerably wider class of such groups is presented below. 

We say, following [12] , that a dense subgroup H of a topological Abelian 
group G determines G if the dual groups G A and H A are topologically iso- 
morphic (under the natural restriction mapping). The theorem below refines 
Corollary 2.10 of [15], where the authors just claim the existence of a proper 
dense subgroup H C G that determines G. First, one simple lemma is in 
order: 

Lemma 4.5 If H is a subgroup of a Baire topological group G and the index 
of H in G is countable, then H is Baire. 

Proof. Suppose to the contrary that there exists a meager non-empty open 
set U C H. Since translations in H are homeomorphisms, the family 25 of 
the sets xV, where x G H and V is a non-empty open set in H with V C U, 
constitutes a base of H. It is clear that every element of B is a meager 
subset of G. Let D be a maximal disjoint subfamily of 23. Then the open set 
D = |J D is dense in H, so F = H \ D is a closed nowhere dense set in H. 
In particular, F is nowhere dense in G. 
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We claim that D is meager in G. Indeed, let D = {Di : i G /}. Since every 
Di is meager in G, we can find a countable family {M i n : n G oj} of nowhere 
dense sets in G such that Di = \J neu} M^ n . Then the set M n = |J i6j Mj >n is 
nowhere dense in G (we use the fact that D is disjoint) and D = [j nGuJ M n 
is meager in G. Therefore, H = D U F is also meager in G. 

Finally, the group G is covered by countably many cosets of if, so G is 
meager in itself. This contradicts the Baire property of G. □ 

Theorem 4.6 Every infinite compact Abelian group G contains a proper 
dense almost metrizable Baire subgroup H which determines G and satisfies 
the open refinement condition. Therefore, if fails to be reflexive. 

Proof. Our first step is to prove the existence of such a subgroup if in the 
case G is metrizable. Then G has countable weight, \G\ = 2 W = c, and there 
exists a countable dense subgroup S of G. 

Denote by D(G) the divisible hull of G containing G as an essential 
subgroup (see J2D])- Then D{G) is the direct sum of countable subgroups, 
say, D{G) = @ a «;C a . Since S C G is countable, there exists a countable set 
A C c such that S C ® a ^AC a - Take any countable infinite set B C c disjoint 
from A and put £) = c \ B. Then A O D and, hence, 5 is a subgroup of 
the group if = G fl © ae flC a . Since G is an essential subgroup of D(G), the 
intersection G fl ® a &BC a is non-trivial, which in its turn implies that H is 
a proper subgroup of G. It is also clear that H has countable index in G. 
Since 5 C H , we conclude that is dense in G. By Lemma [4.51 if is Baire. 

The metrizable group H is clearly almost metrizable. Since, in addition, 
H is dense in the compact metrizable group G, the dual group if A coincides 
with the discrete group G A (see [H Theorem 2] or [H Proposition 4.11]). It 
follows that H determines G and that the second dual if AA = G AA = G is 
compact, while ii is not. Therefore, H is not reflexive. 

Suppose that G is not metrizable. Then there exists a continuous ho- 
momorphism f : G —> K onto an infinite compact metrizable group K. We 
have just proved that K contains a proper dense Baire subgroup, say, H Q . 
Let H = / _1 (iio). Then if is a proper subgroup of G and, since the homo- 
morphism / is open, H is dense in G. Let if be the restriction of / to H. 
Then ip is open and ker / = ker (p, i.e., the homomorphism (p has the compact 
kernel N. Hence the group H is almost metrizable, while Lemma 1331 implies 
that H is Baire. Since iV is compact and the quotient group Hq = H/N is 
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not reflexive, neither is H (see [HI Theorem 2.6]). Note that H satisfies ORC 
according to Proposition 12.91 

Finally, since Hq is discrete and N is compact, a direct verification shows 
the dual group H A is discrete as well. The density of H in G implies that 
the restriction mapping \ i— )■ x\h, with \ £ G A , is an isomorphism of the 
(abstract) group G A onto H A . Since both dual groups are discrete, this 
mapping is a topological isomorphism. Hence H determines G. □ 

Since every precompact group is a dense subgroup of a compact group, 
it is natural to ask which compact groups G contain proper dense reflexive 
subgroups. By [HI Theorem 2], the dual group of every precompact metriz- 
able Abelian group is discrete, so the answer is in the negative for every 
compact metrizable group G. Therefore, under the Continuum Hypothesis, 
the following result gives a complete answer to the question. 

Theorem 4.7 Every compact Abelian group G of weight greater than or 
equal to 2 W contains a proper dense reflexive pseudocompact subgroup. 

Proof. By [25, Theorem 24.15], we have |G A | = w(G) > c = 2 W , where 
w(G) is the weight of G, and a standard argument (along with the fact 
that the cofinality of c is uncountable) shows that G A contains a subgroup 
S isomorphic to the direct sum of c many non-trivial cyclic subgroups, say, 
S = ® a <cC a . Since the group G is topologically isomorphic to G AA , it admits 
a continuous homomorphism onto the product group Y\ a<c C^, where each 
C A is either a finite group or the circle group T. To see this, it suffices to 
consider the restriction to S of every character \ defined on G A . Again, since 
c/(c) > u, there are either c summands C a with C a = Z or c summands C a = 
Z(n), for some integer n > 1. Hence G admits a continuous homomorphism 
either onto T c or onto Z(n) c , for some n > 1. 

According to [29], each of the groups T c and Z(n) c contains a proper dense 
pseudocompact subgroup without non-trivial convergent sequences. In fact, 
the argument from [T6J Theorem 5.5] shows that the corresponding sub- 
group P can be chosen so that all countable subgroups of P are /i-embedded. 
Therefore, by [U Proposition 2.1], all compact subsets of P are finite. It now 
follows from Corollary 12.101 that the group P is reflexive. 

Let /: G — > K be a continuous homomorphism onto K, where K is 
either T c or Z(ra) c . Since the homomorphism / is open, H = f~ 1 (P) is a 
proper dense pseudocompact subgroup of G. The restriction cp — f\ H is an 
open continuous homomorphism with a compact kernel N. Since the image 



21 



P = (p(H) = H/N is a reflexive group, we conclude that so is H (see [5J 
Theorem 2.6]). □ 



It was shown in J2TJ Corollary 2.10] that every connected Abelian group G 
of weight k = k u contains a proper dense pseudocompact subgroup without 
non-trivial convergent sequences. According to Corollary I2.10[ this implies 
that such a group G contains a proper dense reflexive pseudocompact sub- 
group. We have just proved in Theorem 14.71 that G does contain a proper 
dense reflexive pseudocompact subgroup without the assumption that G is 
connected. 

In Proposition 14.81 below we complement Proposition 12.61 and clarify the 
permanence properties of the class of topological groups satisfying ORC, with 
the aim to generalize Corollary 14.41 

Proposition 4.8 The class of precompact topological groups satisfying the 
open refinement condition is closed under the formation of arbitrary direct 
products. 

Proof. Consider a product G = Yliei ^i, where each group Gi is precompact 
and satisfies ORC. Suppose that / : G — > H is a continuous homomorphism 
onto a second countable group H. We can apply [3J Lemma 8.5.4] to find 
a countable set J C I and a continuous homomorphism q: YlieJ^i —> H 
such that f = q o ttj, where 7Tj is the projection of G onto the subproduct 
Gj = YlieJ Taking into account that the projection 7Tj is an open homo- 
morphism, we can assume without loss of generality that the index set / is 
countable. 

Extend / to a continuous homomorphism gf : gG — > gH. In what follows 
we identify the compact groups gG and Yliei Q^i- Arguing as in the proof 
of Theorem I3.4[ we can find, for each % e J, a continuous homomorphism 
hi : gGi — » Pi onto a second countable group Pi and a continuous homomor- 
phism ip : Hie/ Pi ~^ QH sucn ^at gf = ipoh, where h : Yliei Q^i — > Yliei ^» 
is the topological product of the homomorphisms h^s. 

The subgroup hi(Gi) of Pi has a countable base and, since Gi satisfies 
ORC, we can find an open continuous homomorphism ^: Gi — >■ Qi onto a 
second countable group Qi and a continuous homomorphism Pi\ Qi — >■ Pi 
satisfying hi\ Gi = pi o g i . The topological product g of the homomorphisms 
g^s is an open continuous homomorphism of G onto the second countable 
group Q = Yliei Qi- Also we have the equality h\c = p ° g, where p: Q 
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P = Yl ieI Pi is the product of the homomorphisms p^s. 




It follows from the definition of the homomorphisms (p, g, p that f = [if o 
p) o g. Finally, since g: G — > Q is an open continuous homomorphism and 
the group Q is second countable, we conclude that G satisfies ORC. □ 

We finish with a generalization of Corollary 14.41 to topological products. 

Proposition 4.9 Let H be the product of an arbitrary family of precom- 
pact almost metrizable Abelian groups with the Baire property. Then H is 
a quotient group of a reflexive precompact group G with respect to a closed 
pseudocompact subgroup, where all countable subgroups of G are h-embedded. 

Proof. Suppose that H = Yl i eI Hi, where each Hi is a precompact almost 
metrizable Abelian group with the Baire property. Clearly, H is precom- 
pact. It follows from Theorem 13.41 that H is Baire, while Proposition 13.81 
and Remark 14.31 together imply that each factor Hi satisfies ORC. Hence, by 
Proposition 14.81 H satisfies ORC as well. To finish the proof, it suffices to 
apply Theorem 14.11 □ 



Corollary 4.10 Let H be the product of an arbitrary family of precompact 
metrizable Abelian groups with the Baire property. Then H is a quotient 
group of a reflexive precompact group with respect to a closed pseudocompact 
subgroup. 



5 Open problems 

Theorem 12 .81 on the reflexivity of some precompact Abelian groups G is based 
on the fact that both groups G and its dual G A have no infinite compact sub- 
sets. However, the product G x K of a reflexive group G with any compact 
Abelian group K remains reflexive. Therefore, one can try to extend Theo- 
rem [4J] to all precompact Abelian groups: 
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Problem 5.1 Is every precompact Abelian group (with the Baire property) 
a quotient of a reflexive precompact group (with the Baire property)? 

Here is a problem of a similar nature: 

Problem 5.2 Is every precompact Abelian group a continuous homomorphic 
image of a reflexive precompact group G ? 

The methods of the article do not work to settle the next problem since 
infinite non-discrete Baire groups are uncountable: 

Problem 5.3 Do there exist countable infinite reflexive precompact groups? 

It is also interesting, after Lemma 13. 5[ to find out whether the Baire 
property is stable under extensions of groups with respect to a compact 
invariant subgroup: 

Problem 5.4 Let K be a compact invariant subgroup of a topological group 
G such that the quotient group G/K is Baire. Is G Baire? 
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